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reference result)
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Mathematical model

Setting

* Dilute species as passive scalar

”+”'phasea p+7 /L+

) e NO mass sources or sinks
----------------------  Mass-less interface

-
-
S~
-
-

Q- (1) Interface (t) * Henry'Jump at the |nterface
Qp(t) .
mesh~ e Unstructured Finite Volume ALE
*—"-phase, p~, 1" Interface Tracking

- Sharp interface represented by
coinciding two surface meshes

Mathematical
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces
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What Is subgrid-scale modeling?

> c(x)

of the first boundary cell layer

>
c(z,y) = e+ (Coo —cx) -erf (z/8)  with §(y) = /4Dy/v Xy Xi Xf Xi+1 X
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

The concentration inside a bubble changes:
an extension to SGS modeling
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concentration

* Far-field concentration is unknown.
* Far-field concentration can be time-

Q and space-dependent.
» Use values in the first two cells to
Q determine concentration profile
O csh+0-(coo —cs)E(h/0) = c1h
() dessh+ 8- (con — ) E(2h/8) = (c1 + e2)h
N\ - o
U - 2h_’_normal distance Wlth E(T)) — 7. erf(ﬂ'}) + e—:t: . 1/ ﬁ
2
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces
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Is two-sided modeling just DARMSTADT
* ided model
2 * one-sided modeling?
twoSidedSubGridScaleModel
;L:z;tr<ba5eSubGridSca1eModel> sgslPtr ;
26 refs
autoPtr<baseSubGridScaleModel> sgs2Ptr ;
Yes*
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

*hut

Ft+ (- DBy =
6t (e — B)EQy") = (cf +c)/2
st(m—c)E(y)= o
5 (cn — ) E2y7) = (cf +c3)/2
ct= co/H
ey — L _ 5 —Cg
D= = D7 =

with

.2
yt = ’gi and F(x) = erf(x) + em\/%l
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

We solve the eguation system

iteratively

e |terate over
— Bulk equation

Solve interface equations

with cell-averaged values

Fit one-sided SGS models and
scale diffusion coefficients

Apply Henry and mass continuity:
Update interface values 1
(using scaled diffusion coefficients)

system
ch+(ch—eE(yT) = of
e+ (el — ) EQy™T) = (¢f +¢3)/2
GsH(em—c)E(y )= ¢
c5 + (cx — c5)E(2y™) = (¢ +¢5)/2
= cg /H
Loh—el e —ey
1] Ill.)CI IC(E:C 0 =
conditions
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Until convergence or «
max. iterations

>

update one-sided interface values

10.48328/tudatalib-1755
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Ilterate over

- 2 one-sided SGS
models

— Mass flux continuity
&
Henry-Jump

converged, when
interfacial value is found

Interfacial values are
used as Dirichlet-
Dirichlet boundary
conditions!

m Mathematical
Modeling and Analysis



Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Mass transfer in parallel flow along
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planar interface

Inlet (y = 0): Outlet (y = Ly):

forz>0: c=0 Oyc=0

for x < 0: ¢c=cyp ot
T

&
2
Y
Ly
everywhere: 0-
= (0,v)
: . ; Mathematical
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Mass transfer in parallel flow along
planar interface
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Delta over length of run Diffusive flux across the interface over length of run
w
~
[a']
i £
. T e
«—xm-ti*"”*p”" ° 1]
eﬁtw*”‘w’_x" E
10-° = i
q) $
Y §
— O §
E o] ;
/ = A
= . 2
[ & &
la) Fe pS 7
[ £ ) A
H »
,:f o %
5 “
i © 107
1 x Ve .
1076 § 2
[t "
g -~
0.000 0.001 0.002 0.003 0.004 0.005 0 ° -
Length of run [m] uu:__j . R
FS 012 cellwidth: 2.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided 5
FSS 012 cellWidth: 2.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided
FS 013 cellwidth: 1.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided 0.000 0.001 0.002 0.003 0.004 0.005
FSS 013 cellWidth: 1.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided Length of run [m]
*- FS 014 cellwidth: 6.7e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided
=+ FSS 014 cellWidth: 6.7e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided 012 cellWidth: 2.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided
FS 015 cellwidth: 4.0e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided 013 cellWidth: 1.0e-04 cInf: unknown - unknown t: 0.1 SGS 2-sided
FSS 015 cellWidth: 4.0e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided X : : X
— FS analytical solution o= 014 cellWidth: 6.7e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided
——. FSS analytical solution 015 cellwidth: 4.0e-05 cInf: unknown - unknown t: 0.1 SGS 2-sided
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

* We improved SGS modeling:
- extended for unknown far-field concentrations
— (improvements reported in our preprint)

* We model two-sided subgrid-scale mass transfer:

— Very thin boundary layers on both sides

— One subgrid-scale model for each side

— Iterations to find the right Dirichlet-Dirichlet boundary conditions
* Publicly available:

In the OpenFOAM Arbitrary Lagrangian/Eulerian Interface
Tracking (ALE-IT) framework twoPhaselnterTrackFoam
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Further reading

This presentation
DOI: 10.48328/tudatalib-1755

* Preprint
M. Schwarzmeier, T. Mari¢, Z. Tukovi¢, and D. Bothe. A two-sided subgrid-
scale model for mass transfer across fluid interfaces. Preprint, May 2025

» Code repository:
https://gitlab.com/interface-tracking/

This presentation Code repository

* Published papers

- twoPhaselnterTrackFoam (ALE Interface Tracking with surfactants and subgrid-scale model)

+ M. Schwarzmeier, S. Raju, Z. Tukovi¢, M. Fricke, D. Bothe, and T. Mari¢. twoPhaselnterTrackFoam: an OpenFOAM module for Arbitrary Lagrangian/Eulerian Interface Tracking
with Surfactants and Subgrid-Scale Modeling. Computer Physics Communications, 308:109460, Mar. 2025. doi:10.1016/j.cpc.2024.109460.

- ALE Interface Tracking
* Tukovi¢, Z. & Jasak, H. A moving mesh finite volume interface tracking method for surface tension dominated interfacial fluid flow. Computers & Fluids 55, 70-84 (2012).
- Subgrid-scale model

» Pesci, C., Weiner, A., Marschall, H. & Bothe, D. Computational analysis of single rising bubbles influenced by soluble surfactant. J. Fluid Mech. 856, 709—763 (2018).

* Weiner, A. & Bothe, D. Advanced subgrid-scale modeling for convection-dominated species transport at fluid interfaces with application to mass transfer from rising bubbles.
Journal of Computational Physics 347, 261-289 (2017).
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Appendix

) ) Mathematical
12.05.2025 | 12th ICMF M. Schwarzmeier | DOI: 10.48328/tudatalib-1755 13 Modeling and Analysis



Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces
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mass transfer
concentration
—
1
1
I
Henry-jump : .
i e Ty
i —
i
1
= O
—oh- ) - . bt 2hjLnormai distance
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Mass transfer without SGS
modeling
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Henry-jump |

i transforms to
A et

"
: 4= 24 + ¢
- - p4+  Dorma 1 distance E Q/H + 1

- _ D~ "
with qz_ DT 7=

Mathematical
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Mass transfer in parallel flow alon
planar interface

Delta over length of run

Delta [m]

0.000 0.001 0.002
Length

+ FS 000 cellwidth: 2.0e-04 cinf:
== FSS 000 cellWidth: 2.0e-04 cinf:
FS 001 cellWidth: 1.0e-04 cinf:
FSS 001 cellWidth: 1.0e-04 cinf:
+ FS 002 cellwidth: 6.7e-05 cinf.
—% FSS 002 cellWidth: 6.7e-05 cinf
+- FS 003 cellWidth: 4.0e-05 cinf
== FSS 003 cellWidth: 4.0e-05 cinf:
+ FS 008 cellWidth: 2.0e-04 cinf:
—% FSS 008 cellWidth: 2.0e-04 cinf
+ FS 009 cellWidth: 1.0e-04 cinf-
== FSS 009 cellWidth: 1.0e-04 cinf:
FS 010 cellWidth: 6.7e-05 clnf:
FS5 010 cellWidth: 6.7e-05 cnf:
+ FS 011 cellWidth: 4.0e-05 cinf:
—% FSS 011 cellWidth: 4.0e-05 cinf
FS 012 cellwidth: 2.0e-04 cinf:
FSS 012 cellWidth: 2.0e-04 cinf:
FS 013 cellWidth: 1.0e-04 cinf:
FS5 013 cellWidth: 1.0e-04 cinf:
+- FS 014 cellWidth: 6.7e-05 cinf.
—% FSS 014 cellWidth: 6.7e-05 cinf
FS 015 cellWidth: 4.0e-05 cinf:
FSS 015 cellWidth: 4.0e-05 cinf:
— FS analytical solution
—— FSS analytical solution
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0.003
of run [m]

0.004 0.005

prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 5GS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 5GS 2-sided
prescribed - unknown t- 0.1 SGS 2-sided
prescribed - unknown t- 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 5GS 2-sided
prescribed - unknown t- 0.1 SGS 2-sided

unknown - unknown t
unknown - unknown t
unknown - unknown t.
unknown - unknown t.
unknown - unknown t:
unknown - unknown t:
unknown - unknown t
unknown - unknown t

0.1'5GS 2-sided
0.1'5GS 2-sided
0.1 SGS 2-sided
0.1 SGS 2-sided
0.1'5GS 2-sided
0.1'5GS 2-sided
0.1'5GS 2-sided
0.1'5GS 2-sided

Surface concentration [mol/m?]

Surface concentration over length of run

0.70

0.65

0.60

0.55

0.50

0.45

0.000

0.001

FS 000 cellwidth
FSS 000 cellwidth
FS 001 cellwidth
FSS 001 cellwidth
FS 002 cellwidth
FSS 002 cellwidth
FS 003 cellWidth
FSS 003 cellWidth.
FS 008 cellWidth
FSS 008 cellWidth
FS 009 cellwidth
FSS 009 cellwidth
FS 010 cellwidth
FSS 010 cellwidth
FS 011 cellwidth
FSS 011 cellwidth
FS 012 cellWidth
FSS 012 cellWidth.
FS 013 cellWidth
FSS 013 cellWidth.
FS 014 cellwidth
FSS 014 cellwidth
FS 015 cellwidth
FSS 015 cellwidth

0.002
Length

2.0e-04 clnf.
2.0e-04 clnf.
1.0e-04 cinf-
1.0e-04 cinf-
6.7e-05 clnf;
6.7e-05 clnf;
4.0e-05 cInf.
4.0e-05 cInf.
2.0e-04 cInf:
2.0e-04 clnf.
1.0e-04 cinf-
1.0e-04 cinf-
6.7e-05 clnf,
6.7e-05 clnf,
4.0e-05 cinf
4.0e-05 cinf
2.0e-04 cInf.
2.0e-04 cInf.
1.0e-04 cinf:
1.0e-04 cinf:
6.7e-05 cinf.
6.7e-05 cinf.
4.0e-05 cinf,
4.0e-05 clnf,

0.003
of run [m]

0.004 0.005

prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - prescribed t: 0.1 $GS 2-sided
prescribed - prescribed t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t- 0.1 SGS 2-sided
prescribed - unknown t- 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided
prescribed - unknown t: 0.1 SGS 2-sided

unknown - unknown t;
unknown - unknown t;
unknown - unknown t.
unknown - unknown t.
unknown - unknown t:
unknown - unknown t:
unknown - unknown t:
unknown - unknown t:

0.1 5GS 2-sided
0.1 5GS 2-sided
0.1 5GS 2-sided
0.1 5GS 2-sided
0.15GS 2-sided
0.15GS 2-sided
0.15GS 2-sided
0.15GS 2-sided
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Diffusive flux across the interface [mol/m?/s]
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Diffusive flux across the interface over length of run

S,
e
Trera,
o,
e,
23
e .
.

0.000 0.001 0.002 0.003 0.004 0.005
Length of run [m]

000 cellWidth: 2.0e-04 cinf: prescribed - prescribed t: 0.1 SGS 2-sided
001 cellwidth: 1.0e-04 cinf. prescribed - prescribed t: 0.1 SGS 2-sided
002 cellWidth: 6.7e-05 ciInf: prescribed - prescribed t: 0.1 5GS 2-sided
003 cellWidth: 4.0e-05 cinf: prescribed - prescribed t: 0.1 5GS 2-sided
008 cellWidth: 2.0e-04 cinf. prescribed - unknown t: 0.1 5GS 2-sided
009 cellWidth: 1.0e-04 cinf: prescribed - unknown t: 0.1 5GS 2-sided
010 cellwidth: 6.72-05 cinf: prescribed - unknown t- 0.1 5GS 2-sided
= 011 cellwidth: 4.0e-05 cinf. prescribed - unknown t: 0.1 SGS 2-sided
012 cellWidth: 2.0e-04 cInf: unknown - unknown t: 0.1 5GS 2-sided
013 cellwidth: 1.0e-04 cinf: unknown - unknown t: 0.1 5GS 2-sided
=+ 014 cellWidth: 6.7-05 cInf: unknown - unknown t: 0.1 5GS 2-sided
015 cellwidth: 4.0e-05 cinf: unknown - unknown t: 0.1 5GS 2-sided

FS/ESS: +/- side

16 Mathematical
Modeling and Analysis



Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Motivation
(preliminary reference results (without SGS))
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t ={0.01, 0.02, 0.03, 0.04, 0.05, 0.2} s
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Towards two-sided subgrid-scale modeling of mass transfer at fluid interfaces

Motivation
preliminary results)
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Speaes mass inside the bubble over time (Diffusive) fluxes normal to the interface at the interface
0.530 0.15 1
0.10 1
—~ 0.05
Rl
—_ £
3 0.520 - £
I g 0.001
= <
o 2
4 o
E 0.515 ~0.05 1
n
kS
0 0.510 A —0.10
g
(%]
0.505 ]
0 20 40 60 80 100 120 140 160 180
8% Polar angle [°]
: FS 008 meshN: 10 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
83 FSS 008 meshN: 10 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
—— FS 012 meshN: 15 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
—— FSS 012 meshN: 15 helmholtzCor: on treatinterface: ON SGS: ON ts: 0.05
N N N T T T T N FS 016 meshN: 20 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 FSS 016 meshN: 20 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
X —— FS 020 meshN: 27 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
Time [s] — = FS5 020 meshN: 27 helmholtzCorr: on treatinterface: ON SGS: ON ts: 0.05
FS 008 meshN: 10 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
FSS 008 meshN: 10 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
~— 008 meshN: 10 helmholtzCorr: on treatinterface: ON SGS: ON FS 012 meshN: 15 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
=== 012 meshN: 15 helmholtzCorr: on treatinterface: ON SGS: ON FSS 012 meshN: 15 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
016 meshN: 20 helmholtzCorr: on treatinterface: ON SGS: ON FS 016 meshN: 20 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
. ; . . FSS 016 meshN: 20 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
~— 020 meshN: 27 helmholtzCorr: on treatinterface: ON SGS: ON FS 020 meshN: 27 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
008 meshN: 10 helmholtzCorr: true treatinterface: ON SGS: OFF FSS 020 meshN: 27 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
012 meshN: 15 helmholtzCorr: true treatinterface: ON SGS: OFF FS 024 meshN: 40 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
FSS 024 meshN: 40 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
016 meshN: 20 helmholtzCorr: true treatinterface: ON SGS: OFF FS 028 meshN: 60 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
020 meshN: 27 helmholtzCorr: true treatinterface: ON SGS: OFF — = FSS 028 meshN: 60 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
024 meshN: 40 helmholtzCorr: true treatinterface: ON SGS: OFF —— FS 032 meshN: 90 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
. y . X —— FSS 032 meshN: 90 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
028 meshN: 60 helmholtzCorr: true treatinterface: ON SGS: OFF —— FS 036 meshN: 120 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
— 032 meshN: 90 helmholtzCorr: true treatinterface: ON SGS: OFF — = FS5 036 meshN: 120 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
= 036 meshN: 120 helmholtzCorr: true treatinterface: ON SGS: OFF —— FS 040 meshN: 180 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
—— 040 meshN: 180 helmholtzCorr: true treatinterface: ON SGS: OFF == FS5 040 meshN: 180 helmholtzCorr: true treatinterface: ON SGS: OFF ts: 0.05
—— FS 044 meshN: 240 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
= 044 meshN: 240 helmholtzCorr: true treatinterface: ON SGS: OFF

== FSS 044 meshN: 240 helmholtzCor: true treatinterface: ON SGS: OFF ts: 0.05
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